In this paper, we present an alternative derivation of the entropy production in turbulent 1 flows, based on a formal analogy with the kinetic theory of rarefied gas. This analogy allows 2 proving that the celebrated k − model for turbulent flows is nothing more than a set of coupled 
high performance computing, especially for multi-physics and multi-scale simulations. The range can be considered as a subsequent refinement of the lattice Boltzmann algorithm. Moreover, stability 55 of kinetic schemes can be also improved using the pioneering idea of limiters [35] .
56
In most of the engineering applications where turbulent flows are involved, the direct numerical 57 simulation is still unfeasible. Large eddy simulations and Reynolds averaged Navier-Stokes 58 simulations are commonly used, instead [36] . Large eddy simulations using the lattice Boltzmann 59 method have been carried out [37] [38] [39] [40] , as well as those using Reynolds averaged Navier-Stokes
60
(RANS) equations [41, 42] . However, in the context of lattice Boltzmann method, engineering 61 turbulence models are still lacking thus more research efforts are required [19] . Among the closure 
Materials and methods
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In the asymptotic limit of low Mach number flows, the incompressible limit of the 
where ρ 0 is the average fluid density (assumed constant and different from the actual fluid density ρ), 119 u is the fluid velocity, p is the pressure, ν is the kinematic viscosity, h is the enthalpy, λ is the thermal 120 conductivity, and ∇ S u = 1/2 ∇u + ∇ T u is the strain rate tensor. Alternative formulations of (1) 121 may be expressed in terms of the internal energy or total energy, instead of enthalpy.
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It is well known that, in regimes where momentum convection prevails on momentum diffusion (u · ∇u ν∇ 2 u) or, equivalently, Reynolds number is larger than a flow-dependent threshold, the flow field is characterized by rapid variations of pressure and velocity in space and time, i.e. by chaotic coherent structures called turbulent eddies. This discussion can be more rigorous by adopting characteristic quantities, which can be defined in different ways according to what they refer to (fields or operator). On the one hand, the characteristic quantity u c gives the magnitude of the velocity field, being u c = max(u) in the considered domain. On the other hand, operators may involve more difficult definitions. For instance, the characteristic length l c is defined by First, let us introduce the filter operator · for the generic quantity ϕ
where ϕ is assumed independent on the initial condition t (in the context of chaotic dynamical 129 system, this means that the system can only have one strange attractor).
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From a practical point of view, the limit in (5) is truncated to some finite time, which is assumed much larger than the characteristic time of turbulent fluctuations. The previous definition allows one to introduce the average velocity fieldū = u and the corresponding velocity fluctuation u = u −ū or, equivalently, to decompose the actual velocity field, namely u =ū + u . Introducing the previous decomposition in the divergence-free condition given by Eq. (1) and taking the time average · shown in Eq. (5) yield ∇ ·ū = 0 (6) and consequently ∇ · u = 0, meaning that both the average and fluctuating fields are divergence-free. Proceeding in a similar way for Eq. (2) yields
wherep = p . The term u · ∇u represents the novel physical content of the RANS momentum equation. Of course, in order to derive a set of closed RANS equations, the latter term must be modeled by quantities depending on the averaged quantities (or their gradients) only. First of all, this term must be made symmetric. Taking into account that ∇ · u = 0, the following condition holds
Next, let us consider the Boussinesq's eddy viscosity assumption, namely
where ν t is the eddy viscosity (additional kinetic viscosity due to turbulent eddies beyond molecular one) and ∇ Sū is the strain rate tensor defined as ∇ Sū = (∇ū + ∇ū T )/2. It is easy to prove that ∇ū = ∇ Sū + ∇ Wū and, more importantly, ∇ Sū : ∇ Wū = 0, where ∇ Wū = (∇ū − ∇ū T )/2 is the vorticity tensor. Substituting the Boussinesq's eddy viscosity assumption into Eq. (7), and taking into account that 2 ∇ · ∇ Sū = ∇ 2ū (because of Eq. (6)), yield ∂ū ∂t
It is clear that working with RANS is a successful approach, as far as an accurate model is defined to compute the corrective factor (ν + ν t ) in Eq. (10). Clearly, the key idea is to investigate the part of kinetic energy due to turbulent fluctuations. Let us substitute ∇ 2 u with 2 ∇ · ∇ S u in (2) and let us multiply the result by u, namely
where e k = u 2 /2 is the total kinetic energy. After some simple algebra, the previous equation can be rewritten as
where p k = p/ρ 0 is the kinetic pressure and k = 2ν(∇ S u) 2 is the (positively defined) dissipation the same definition applied to averaged quantities, e.g.ē k . In particular, the following relations hold
whereē k =ū 2 /2, k = (u ) 2 /2 is the turbulent kinetic energy,¯ k = 2ν(∇ Sū ) 2 and = 2ν (∇ S u ) 2 is the turbulent dissipation function. For example, the previous definitions imply that e k =ū · u + u · u /2 − k and consequently e k = 0, even though e k =ē k . The turbulent kinetic energy k is the excess of kinetic energy due to turbulent fluctuations beyond the one caused by the average flow. Similarly, the turbulent dissipation is the excess of dissipation due to turbulent fluctuations. These are the two main quantities defining this approach to turbulence modeling, and this is the reason why this method is called k − model [36] . The second key idea is that the eddy viscosity ν t depends on k and only. The physical dimensions of are those of kinetic energy divided by time, thus it can be interpreted as the dissipation rate of turbulent kinetic energy. Based on dimensional analysis, the following phenomenological relation is assumed for the eddy viscosity
where C t is a tunable constant of the model (see next).
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The next step consists in deriving a closed set of equations for k and . Let us substitute the previous decompositions in Eq. (12) and then perform the time averaging. Some difficulties may arise from cubic (third-order) terms with respect to velocity, i.e. e k u , but the following condition allows one to sort them out:
where the last term can be expressed by the Boussinesq's eddy viscosity assumption (9). Exploiting 138 the condition (16), it follows:
On the other hand, multiplying Eq. (7) by the average velocityū yields
Subtracting Eq. (18) from Eq. (17) and taking into account that k = e k −ē k (because of Eq. (13)) yield ∂k ∂t
Taking into account the following equivalence
Eq. (19) can be rewritten as
which is the standard form for the turbulent kinetic energy equation (TKE).
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Some simplifications are usually applied to the flux of turbulent kinetic energy. First of all, the last term of such a flux is usually negligible at high Reynolds number flows, because it is proportional to νν t (even though ν t can be up to roughly ten times ν, still this term is proportional to ν 2 ). Secondly, the (leading) term (u · u /2) u clearly shows the turbulent transport of the quantity u · u /2, which is the argument of the turbulent kinetic energy k. Hence, the key idea is to generalize the gradient-diffusion approximation [36], namely
where σ k is a tunable constant of the model (see next). Consequently, the equation of the turbulent kinetic energy in the k − model becomes
In the latter equation, the sign of the right hand side is no more uniquely prescribed. Here, the quantity (ν t /ν)¯ k acts as turbulent energy production, moving kinetic energy from the mean flow to the turbulent fluctuations; while acts as turbulent energy dissipation, moving energy in the opposite direction. The same theoretical framework is used to derive the equation for turbulent dissipation. However, the equation of turbulent dissipation in the k − model is completely heuristic, being substantially derived by analogy with the previous equation [36] . The source/sink of turbulent dissipation is derived by dividing the right hand side of Eq. (23) by a proper characteristic time (∼ k/ ) and introducing ad-hoc some tunable constants, namely
where σ , C 1 and C 2 are tunable constants of this model. The standard k − model is defined by Eqs. 
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Let us start considering the entropy production of (incompressible) laminar flows. Non-equilibrium thermodynamics of laminar flows can be obtained by an entropy production equation, which can be derived by following the typical guidelines of Thermodynamics of Irreversible Processes (TIP) [54, 55] . Let us assume that all subparts of the system are close to equilibrium conditions, so that they can be described by classical thermodynamics. In equilibrium conditions, the fundamental Gibbs relation allows to relate entropy with other thermodynamic potentials, namely Tds = dh − dp/ρ 0 , being T the temperature and s the entropy. Here, we assume that this relation holds also in non-equilibrium conditions, where the Gibbs relation becomes the entropy definition. However, this definition must be Galilean invariant and thus Lagrangian time derivatives must be considered, namely
Substituting Eq. (3) into Eq. (25) yields
The previous equation can be rewritten as
where α = λ/(ρ 0 c p ) is the thermal diffusivity. By further elaborating on the first term at the right hand side of the previous expression yields
or equivalently ∂s ∂t
where
Note that the prime notation is used to indicate the entropy production per unit of mass, i.e. σ ,
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instead of the more common production per unit of volume, i.e. σ = ρ 0 σ . In the previous equations, 147 each specific transport phenomenon is a source of entropy production, namely: σ α and σ ν represent In case of turbulent flows, the situation is more complex. First, the entropy production due to velocity gradients σ ν (Eq. (31)) bears a strong resemblance with the dissipation function k appearing in the kinetic energy equation (12) , namely
The above observation paves the way to a meaningful formal analogy. In fact, kinetic models are often used to explain microscopically the entropy production; hence, the previous observation suggests that the same kinetic models may be useful to explain also the turbulent dissipation function k and, consequently, the turbulent kinetic energy k. The simplest kinetic model is the celebrated Bhatnagar-Gross-Krook (BGK) model [77] . Here, we propose to interpret the k − turbulence model as a set of coupled BGK-like equations. Let us reformulate Eq. (23), which is the only one rigorously derived in k − model, as follows:
where τ k = k/ is the characteristic relaxation time and k eq is the local equilibrium for the turbulent kinetic energy, namely
Similarly, Eq. (24) can be recast as
where τ = τ k /C 2 is the second characteristic relaxation time and eq is the local equilibrium for the turbulent dissipation function, namely
The last term in Eq. (35) is an empirical forcing. It is worth the effort to elaborate further on the 154 analogy with the kinetic equations for rarefied gas. In the Boltzmann equation, the external forcing 
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Before proceeding further, it is worth to highlight an important simplification. In Eq. (28), some terms proportional to the product between (1/T) (generalized intensive quantity) and ∇T (generalized force) appear. In the following, Reynolds decomposition will be considered only if the temperature is the argument of a spatial gradient (owing to the small size of the turbulent eddies). On the other hand, the average value of temperature will be considered for the intensive quantity 1/T, because turbulent fluctuations around the room temperature are negligible (this is not the case for u , becauseū can be eventually zero). Introducing the usual Reynolds decompositions for T (in generalized force only), s, h and u, and performing the time averaging · yield
Let us consider the advection term, namely u · ∇s = ∇ · s u . The argument of the divergence operator can be expressed by the gradient-diffusion approximation [36], namely
where β and γ are tunable transport coefficients and, in particular,
Substituting Eq. (38) into Eq. (37) yields
We now have to find out some approximated expressions for the main quantities, namely k and . Let us consider again the BGK-like equation (33), which is more rigorous than Eq. (35) and is also easier to be analyzed because there is no forcing term. The main fluid flow characteristic time is defined as τ c = l c /u c (see above). Clearly, the characteristic relaxation time of turbulent kinetic energy τ k is much shorter than the fluid flow characteristic time, namely τ k /τ c 1, because the turbulent structures are much smaller. Hence, it is possible to find out an approximated solution of the set of BGK-like equations defining the k − model in the asymptotic limit τ k /τ c 1. For our purposes, it is enough to consider the following formal expansion, without expanding the differential operators [78], namely
Substituting the previous ansatz into Eq. (33) and collecting terms with the same order of magnitude with regards to τ k /τ c [78], we obtain k (0) = k eq at the leading order. This means that k = k eq + O(τ k /τ c ) and k ≈ k eq in the asymptotic limit τ k /τ c 1 or, equivalently, ≈ eq . Substituting ≈ eq into (40) yields
The derivation proposed here is based on the formal analogy of Eq. (33) with kinetic equations, in particular with BGK-like equations. However, this is consistent with the canonical derivation based on ≈ (ν t /ν)¯ k , which means that there is substantially a balance between turbulent kinetic energy production and dissipation. The condition = (ν t /ν)¯ k also implies
which allows computing (∇ S u ) 2 by means of (∇ Sū ) 2 , where the latter term is usually the only one available in practical calculations. The same idea can be applied to simplify the entropy production due to temperature gradient as well. It is easy to verify that the balance between turbulence production and dissipation implies
where α t = ν t /Pr t and Pr t is the turbulent Prandtl number. Substituting Eq. (44) into Eq. (42) yields
which is valid for both laminar and turbulent flows, and it represents the generalization of the second 164 law of thermodynamics for turbulent flows. 3. In Eq. (45), the entropy production can be expressed as
being η k the phenomenological coefficients of irreversible phenomena (η 1 = (α + α t ) c p /T 2 and 185 η 2 = (ν + ν t ) 2/T) and X k the generalized thermodynamic forces (X 1 = ∇T and X 2 = ∇ Sū ).
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We selected k subscript as equal to the dimensionality of the corresponding thermodynamic 187 force (vector k = 1, tensor k = 2). Consequently, X 2 k = X k * X k , where the generalized product 188 * means scalar product · for k = 1 and saturation product : for k = 2. 
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In this paper, we present an alternative derivation of the entropy production in turbulent flows, 
